Abstract. Discrete and continuous re nement equations have been widely studied in the literature for the last few years, due to their applications to the areas of wavelet analysis and geometric modeling. However, there is no`universal' theorem that deals with the problem about the existence of compactly supported distributional solutions for both discrete and continuous re nement equations simultaneously. In this paper, we provide a uniform treatment for both equations. In particular, a complete characterization of the existence of distributional solutions of nonhomogeneous discrete and continuous re nement equations is given, which covers all cases of interest.
Introduction and Notation
Let M be a dilation matrix, that is, an s s real matrix whose eigenvalues lie outside the closed unit disk. We are interested in the following nonhomogeneous re nement equation: Re nement equations are fundamental to wavelet theory and subdivision. In the context of wavelet theory, the key step to the construction of wavelets is to construct suitable re nable functions. In the context of subdivision, the limiting surface of a subdivision process is a linear combination of integer translates of the re nable function corresponding to the subdivision scheme.
For the scalar case (i.e. r = 1), a homogeneous discrete re nement equation can be written as (x) = X 2Z s a( ) (Mx ? ); x 2 R s ; (1.3) where the re nement mask a is nitely supported. When the dilation matrix M is two times the s s identity matrix I s , existence and uniqueness of the solutions of (1.3) were studied in 3] and 7]. In particular, for the univariate case s = 1, it was proved in 7] that (1.3) has a nontrivial L 1 {solution with compact support only if P 2Z s a( ) = 2 n for some positive integer n.
For the vector case (i.e. r > 1), the coe cients a( ), 2 Z s in (1.3) become r r complex matrices. The existence of compactly supported distributional solutions is characterized by spectral properties of the matrix := P a( )=jdet(M)j. The spectral radius of is denoted by ( ).
When s = 1 and M = (2), the existence (and uniqueness) of compactly supported distributional solutions of the vector re nement equation were rst investigated in 14]. One of the main results of 14] states as follows: Suppose that there is a single eigenvalue of with j j = ( ) < 2. then the vector re nement equation (1.3) has k independent compactly supported distributional solutions, where k is the multiplicity of the eigenvalue 1 of . This result was improved by 5] by showing that it is still valid under a weak assumption that ( ) < 2. A complete characterization of the existence of the compactly supported distributional solutions ( for the case M = 2I s ) was given in 17]. It states that the vector re nement equation (1.3) has a nontrivial compactly supported distributional solution if and only if there exists a nonnegative integer n such that 2 n is an eigenvalue for (for the case that r = 2 and s = 1 also see 24] Although a lot of work has been done in this subject, there is no \universal" theorem that covers all cases. In this paper, we give a uniform treatment of the existence and uniqueness of distributional solutions of both discrete and continuous nonhomogeneous re nement equations in the most general setting, i.e., for the case of an arbitrary dilation matrix, any number of functions and any number of variables. The main idea is to use an iteration scheme in the Fourier domain with real variables. This approach enables us to unify the treatment for both discrete and continuous re nement equations.
While revising this paper, we became aware of recent paper of 10] and 23] related to our work. Both papers deal with some special setting of this paper (e.g. the case M = 2I s ).
Section 2 is devoted to a complete characterization of the existence of compactly supported distributional solutions of (1.1) in terms of g and . In Section 3, several examples are given to illustrate our theory.
We now turn to the basics needed in this paper.
For a given vector = ( 1 ; : : : ; r ) 2 C r , the norm (or length ) of the vector is de ned as j j := j 1 j + + j r j; = ( 1 ; : : : ; r ) 2 C r :
Similarly, for a r r complex matrices A = (a ij ) 1 i;j r 2 C r r , its norm is de ned to be the maximum of the norm of its column vectors, i.e. . We also use x to denote the function whose value at any x is x . The space P n is the set of all polynomials of (total) degree at most n. For . (1:2) is the same as the dimension of the space ker(T n 0 ).
Suppose that and are two compactly supported distributional solutions of (1:1).
Then ? is a solution of the corresponding homogeneous equation (1: are orthogonal, and corresponding orthogonal double wavelets were constructed there.
Consider the case jtj > 1. We note that H(!) = linearly independent solutions. Moreover, the homogeneous re nement equation ( In this case, dim(S) = 2 by the fact that the dimension of ker(T 1 ) is 2.
